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bstract

The Debye–Waller factor has been calculated for stabilized �-phase plutonium with 5% aluminum. A quasi-harmonic Born–von Kárman force
odel with temperature dependent phonon frequencies was used to calculate the mean-square thermal atomic displacement from absolute 0 to

00 K. Implementation of the observed anomalous softening of the long wavelength phonons with increasing temperature cannot account for the
oftening of the measured thermal parameter at high temperatures nor for its rather high value at low temperatures. The implications for diffraction

easurements on �-phase stabilized plutonium alloys are discussed.
2006 Elsevier B.V. All rights reserved.
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. Introduction

Since the measurement of the phonon dispersion curves
long the high symmetry axes of small crystallites of �-phase
39Pu0.98Ga0.2 [1,2], as well as measurements of the phonon
ensity of states and elastic moduli on polycrystalline samples
f 242Pu0.95Al0.05 [3], it has become possible to construct phe-
omenological phonon models which accurately reproduce the
easured specific heat all the way up to 300 K [4]. Unfortu-

ately, the vibrational frequencies or density of states were deter-
ined only at a few temperatures. However, from measurements

f the elastic shear and bulk moduli it is known that the long
avelength frequencies of �-stabilized Pu exhibit an anoma-

ously large softening, which is nearly linear from absolute zero
o the melting temperature (see Fig. 1) [3,5,6].

Here, I address the question of how accurately such a
uasi-harmonic phonon model, with temperature dependent
requencies, can reproduce the mean-square thermal atomic
isplacement parameters measured by Lawson et al. [7–9].
he working assumption is that all force constants, i.e, all

requencies, can be scaled by the same temperature dependent
unction as the observed elastic moduli or long wavelength

honons. This procedure worked very well for the calculation of
he specific heat of 242Pu0.95Al0.05 between 2 and 300 K [4,10].
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. Results and discussion

The exponent of the Debye–Waller factor e−2W(q) (mean-
quare thermal atomic displacement parameter) is given by
he average of the square of the scalar product of the relative
tomic displacement u from its average position with the neu-
ron scattering vector q, for example, see Ref. [11] for details:
W(q) = 〈(q · u)2〉. In the case of a monatomic cubic crystal
his simplifies to the standard result for the thermal param-
ter 2W(q) = 2W0q

2, where 2W0 = 〈u2
x〉 = 〈u2

y〉 = 〈u2
z〉. The

sotropic thermal parameter is given by [11,12]

W0(T ) = �

2M

∫ ∞

0

dω

ω
N(ω)coth

�ω

2kBT
. (1)

ere M is the atomic mass, ω is the phonon frequency and the
honon density of states is normalized to satisfy

∫ ∞
0 dωN(ω) =

. At temperatures much larger than the Debye temperature
D the Debye–Waller temperature ΘDW can easily be extracted

rom the asymptotic form of 2W0(T ) ∝ T/Θ2
DW. For a harmonic

rystal, ΘDW is a constant, while Lawson et al. have found
hat for most light actinides ΘDW acquires a temperature de-
endence.

Fig. 1 shows the temperature dependence of the shear mod-
lus G of �-phase stabilized plutonium alloys. Although there

s variation in the magnitude among those different alloys, their
lopes are surprisingly similar. Using the temperature depen-
ence of G reported for 242Pu0.95Al0.05 and the 3NN (third
ext-neighbor) Born–von Kárman force model discussed
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Fig. 1. Temperature dependence of the shear modulus G of various polycrys-
talline �-phase Pu samples (1 wt.% Ga � 3.35 at.% Ga) [3,5,6]. The dashed
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Fig. 2. The mean-square thermal atomic displacement parameter 2W0(T ) vs.
temperature for Pu with 5 at.% Al. A comparison is shown between Lawsons’s
data (circles) [7] and (i) a T-dependent (solid line) and (ii) T-independent (dashed
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ines are linear fits to the data of Refs. [3,5]. Note a very similar temperature
ependence is reported for the bulk modulus B.

n Ref. [4] with parameters given in Table 1, I calcu-
ated the mean-square thermal atomic displacement parame-
er 2W0(T ) as defined in Eq. (1). The phonon dispersions
ere scaled to give the following long wavelength elastic

oefficients Cij(T ) = f (T )Cij (300 K), with scaling function
(T ) = 1.26–8.67 × 10−4 T (K), and C11(300 K) = 34.0 GPa,
12(300 K) = 24.9 GPa, and C44(300 K) = 31.4 GPa. Note that

hese single crystal moduli are consistent with the measured
olycrystalline shear, G, and bulk, B, moduli. In Fig. 2, I com-
are the theoretical 2W0(T ), with no fit parameters, with the
easured mean-square thermal atomic displacement parame-

ers by Lawson et al. [7]. It is worth to point out that Lawson
t al. measured the low temperature data in a cryostat on HIPD
t LANSCE (Lujan Neutron Scattering Center at Los Alamos
ational Laboratory) and the high temperature data in a furnace
n NPD at LANSCE. For comparison I show the thermal param-
ters with T-independent force constants, i.e., T-independent
requencies, which were arbitrarily determined at T = 400 K
or better agreement with experiment. The calculation with the
rozen-in force constants is in overall better agreement with ex-
eriment than the one with T-dependent force constants. This
greement is most likely fortuitous, but emphasizes the weak
eviation of the experimental 2W0 from linearity.

It is surprising that the realistic T-dependent phonon model

hows the largest deviations from experiment at low and high
emperatures. At high temperatures the Debye–Waller phonon

oment, ΘDW, which corresponds to 2W0(T ), samples mostly
he long wavelength frequencies (∼ 1/ω2) and therefore agree-

able 1
orn–von Kárman force constants ΦnNN

ij for an effective monatomic fcc crystal
42Pu0.95Al0.05 at 300 K with lattice parameter a0 = 4.59 Å

ΦnNN
ij (N/m) XX ZZ XY YZ

1NN 8.87885 −1.20410 11.92267
2NN −1.29065 0.52554
3NN −0.93343 0.03871 −0.48034 −0.78982

or simplicity no correction was made to account for the presence of 5% Al.
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ine) 3NN Born–von Kárman force model. For case (ii) the force constants where
rozen-in by using the values of model (i) at T = 400 K. Consequently ΘDW is
onstant for T > ΘD ≈ 116 K [4].

ent should improve. Both model calculations show signifi-
ant deviations from the experimental 2W0(T ) at low and high
emperatures, while agreement is good between 180 and 500 K.
awson and coworkers argued that the thermal parameter can
nly be determined up to an additive constant by assigning a
arge offset of 40–80 pm2 to instrumental and systematic un-
ertainties in the Rietveld refinement of their neutron powder
iffraction patterns. In later work Lawson and coworkers [8]
voided discussing the nature of this large offset all together.
his offset in the thermal parameter is much larger than typi-
ally seen in diffraction measurements like fcc Ni, fcc Ce and
aAs [13,14] when comparing experiment with simple phonon
odels. Although �-Ce and �-Pu show many similarities among

cc crystals the large measured low-T value for 2W0(T ) can-
ot be explained simply by scaling the hypothetical absolute
ero temperature thermal parameter of �-Ce (2W0(0) ≈ 25 pm2)
ith the ratio of the atomic masses of Ce over Pu (∼ 140/242)

13,14]. Here, we obtain for �-Pu the theoretical absolute zero
emperature value 2W0(0) ≈ 13 pm2, which is much smaller
han the experimental value of 2W0 (10 K) ≈ 49 pm2. There-
ore, the large offset observed by Lawson might be due to a
ombination of systematic and instrumental errors as well as
tatic disorder induced broadening in the static structure func-
ion, which can lead to an overestimate of the mean-square ther-

al atomic displacement parameter in a Rietveld refinement.
his interpretation is consistent with the more recent obser-
ation by Lawson and coworkers [15] that there is significant
ontribution of diffuse scattering in neutron powder diffrac-
ion patterns of Pu0.98Ga0.02. Note that the low-temperature
nd long-wavelength phonon model successfully reproduced the
ow-temperature specific heat measurements [4], thus it is not
lear why it should fail to explain the low-temperature thermal

arameter. On the other side, the deviations seen at high temper-
tures could be due to anharmonicities and the breakdown of the
imple scaling function used for modeling the T-dependent fre-
uencies. However, the breakdown of the scaling function for the
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honon dispersion is unexpected and requires further diffraction
tudies because it means that above ∼ 500 K the phonons show
o longer the anomalous softening as seen in the elastic moduli
see Fig. 1).

. Conclusions

A 3NN Born–von Kárman model with force constants frozen
n at 400 K fortuitously reproduces the measured Debye–Waller
actor over a wide temperature range, while a model with more
ealistic temperature-dependent phonon frequencies overesti-
ates the mean-square thermal atomic displacement parameter

bove ∼ 500 K. Both models fail to explain the large experi-
ental low-temperature thermal parameter below ∼ 100 K and

ts large asymptotic zero-temperature value (∼ 49 pm2) due to
ero-point motion. The experimental low-T mean-square ther-
al atomic displacement parameter is nearly four times bigger

han the theoretical value or the corresponding value of �-Ce
caled by the atomic mass ratio. These discrepancies are surpris-
ng since the same temperature-dependent phonon model was
ery successful in describing the specific heat of 242Pu0.95Al0.05
etween 2 and 300 K. Further diffraction studies are needed to
nvestigate the origin of the large deviations between theory and
xperiment at low and high temperatures, as well as the large
nphysical offsets used in previous neutron powder diffraction
easurements.
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